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Abstract
In this paper, we consider a more general form of generalized nonlinear variational inclusions and prove the
existence of solutions for these generalized nonlinear variational inclusions with and without convexity.
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1. Introduction
Let E be a Hausdorff topological vector space and E its dual. Let K ⊂ E be a nonempty closed
convex subset and D a nonempty compact convex subset of K . Let ∂φ denote the subdifferential of a
proper convex, lower semicontinuous mapping φ : E × E → R ∪ {+∞}. Given multivalued mappings
A, S, T : E → 2E∗ , where 2E∗ denotes the family of nonempty subsets of E∗ and g, F, G, P : E → E
are the single-valued mappings with Im(g) ∩ dom (·, v) = ∅, we consider the following generalized
nonlinear variational inclusion problem (GNVIP):
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(GNVIP): Finding u ∈ E , x ∈ A(u), y ∈ S(u) and z ∈ T (u) such that
g(u) ∩ dom ∂φ(·, u) = ∅ and
〈P(x) − (Fy − Gz), v − g(u)〉 ≥ φ(g(u), u) − φ(v, u),∀v ∈ E , (1.1)
considered and studied by Ahmad et al. [1].
Now, we need the following known results and concepts.
Definition 1.1 ([2]). A multivalued mapping F : E → 2E is called the KKM-mapping if for every
finite subset {u1, u2, . . . , un} of E ,
Co{u1, u2, . . . , un} ⊂
n⋃
i=1
F(ui).
Lemma 1.1 ([2] (KKM-map principle)). Let K be the set of vertices of a simplex in E = Rn and
F : K → 2E a KKM-map with F(u) compact for each u ∈ D, then⋂
u∈K
F(u) = ∅.
Lemma 1.2 ([3]). Let K be an arbitrary nonempty set in a Hausdorff topological vector space E and
F : K → 2E a KKM-mapping. If F(u) is closed for all u ∈ K and is compact for at least one u ∈ K ,
then ⋂
u∈K
F(u) = ∅.
Lemma 1.3 ([4]). Let E be a nonempty compact convex set in a Hausdorff topological vector space.
Let A be a subset of E × E having the following properties:
(1) for every u ∈ E , (u, u) ∈ A;
(2) for each fixed u ∈ E, the set Au = {v ∈ E | (u, v) ∈ A} is closed in E;
(3) for each fixed v ∈ E, the set Av = {u ∈ E | (u, v) ∈ A} is convex.
Then there exists a point v0 ∈ E such that E × {v0} ⊂ A.
2. Existence theory
This section is devoted to the existence theorem for the generalized nonlinear variational inclusions.
Theorem 2.1. Assume that
(1) the mappings g, F, G, P : E → E and A, S, T : E → 2E are continuous;
(2) φ : E × E → R∪{+∞} is convex, lower semicontinuous, nonlinear, nondifferentiable and a proper
functional;
(3) there exists a real valued function h : K × K → R such that
(i) 〈P(x)− (Fy −Gz), v− g(u)〉−φ(g(u), u)+φ(v, u)+h(u, v) ≥ 0 for every (u, v) ∈ K × K ;
(ii) the set {u ∈ K | h(u, v) > 0} is convex for every v ∈ K ;
(iii) h(u, u) ≤ 0 for every u ∈ K ;
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(iv) there exists a nonempty compact convex subset D ⊂ K such that for every v ∈ K/D, there
exists a point u ∈ D such that
〈P(x) − (Fy − Gz), v − g(u)〉 − φ(g(u), u) + φ(v, u) < 0.
Then, the generalized nonlinear variational inclusions (1.1) have a solution set.
Proof. For each element u ∈ K , we write
D(u) = {v ∈ D, x ∈ A(u), y ∈ S(u) and z ∈ T (u) such that
〈P(x) − (Fy − Gz), v − g(u)〉 − φ(g(u), u) + φ(v, u) ≥ 0}.
From the assumptions (1) and (2), D(u) is closed in D. We know that every element uo ∈ ⋂u∈K D(u)
is a solution of the problem (1.1). We have to prove that⋂
u∈K
D(u) = ∅.
Since D is compact, it is sufficient to show that the family {D(u)}u∈K has a finite intersection property.
Let u1, u2, . . . , un ∈ K be given; we put B = Co(D ∪ {u1, u2, . . . , un}) whereas B is a compact
convex subset of K . We consider the following multivalued mappings:
Q(u) = {v ∈ B, x ∈ A(u), y ∈ S(u) and z ∈ T (u) such that
〈P(x) − (Fy − Gz), v − g(u)〉 − φ(g(u), u) + φ(v, u) ≥ 0},
for every u ∈ K , and
M(u) = {v ∈ B such that h(u, v) ≤ 0} for every u ∈ K .
Since the bilinear form 〈·, ·〉 is continuous and from assumptions (1) and (2), we have Q(u) a closed
subset of the compact convex set B. Hence Q(u) is compact. Also from assumptions 3(i) and 3(iii), Q(u)
is nonempty.
Now we prove that M is a KKM-mapping. Indeed, if we suppose that there exist v1, v2, . . . , vn ∈ B
and αi ≥ 0, i = 1, 2, . . . , n with∑ni=1 αi = 1 such that
n∑
i=1
αivi ∈
n⋃
j=1
M(v j ),
then we have
h
(
v j ,
n∑
i=1
αivi
)
> 0, for 1 ≤ j ≤ n.
By assumption 3(ii), we have
h
(
n∑
i=1
αivi ,
n∑
i=1
αivi
)
> 0,
which is a contradiction to assumption 3(iii). Therefore M is a KKM-mapping. Since from assumption
3(ii), we have Q(u) ⊂ M(u) for every u ∈ K , we obtain that Q is also a KKM-mapping.
Applying Lemma 1.2 to Q, we get⋂
u∈B
Q(u) = ∅,
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that is, there exist points u0 ∈ B, x0 ∈ A(u0), y0 ∈ S(u0), z0 ∈ T (u0) such that
〈P(x0) − (Fy0 − Gz0), v − g(u0)〉 − φ(g(u0), u) + φ(v, u) ≥ 0, for all v ∈ B.
By assumption 3(iv), we have u0 ∈ D and moreover u0 ∈ D(ui) for every 1 ≤ i ≤ m. Hence {D(u)}u∈K
has the finite intersection property and the proof is completed. 
3. The existence result without convexity
In this section, we prove an existence theorem for the problem (1.1) by replacing the convexity
assumption with merely topological properties.
Definition 3.1 ([5,6]). Let E be a topological space. A subset D of E is called contractible at v ∈ D,
if there is a continuous map F : D × [0, 1] → D such that F(u, 0) = u, for all u ∈ D and F(u, 1) =
v for all v ∈ D.
A convex set is contractible.
Definition 3.2 ([5,6]). Let E be a topological space and {ΓA} be a given family of nonempty
contractible subsets of E indexed by finite subsets of E .
(i) A pair (E , {ΓA}) is said to be an H-space if A ⊂ B implies ΓA ⊂ ΓB .
(ii) A subset D ⊂ E is called H-convex if ΓA ⊂ D holds for every finite subset A ⊂ D.
(iii) A subset D ⊂ E is called weakly H-convex if ΓA ∩ D is nonempty and contractible for every finite
subset A ⊂ D. This is equivalent to saying that the pair (D, {ΓA ∩ D}) is an H-space.
(iv) A subset K ⊂ E is called H-compact if there exists a compact weakly H-convex set D ⊂ E such
that K ∪ A ⊂ D for every finite subset A ⊂ E .
Definition 3.3 ([7]). Let (E , {ΓA}) be an H-space; a multivalued mapping F : E → 2E is called an
H-KKM mapping if ΓA ⊂ ⋃u∈A F(u) for every finite subset A ⊂ E .
Lemma 3.1 ([7]). Let (E , {ΓA}) be an H-space and F : E → 2E be an H-KKM multivalued mapping
such that:
(a) for each u ∈ E , F(u) is compactly closed, that is B ∩ F(u) is closed in B, for every compact set
B ⊂ E;
(b) there is a compact set L ⊂ E and an H-compact set K ⊂ E such that, for each weakly H-convex set
D with K ⊂ D ⊂ E, we have⋂
u∈D
{F(u) ∩ D} ⊂ L .
Then⋂
u∈E
F(u) = ∅.
Now, we state and prove the main result of this section.
Theorem 3.1. Let (E , {ΓK }) be an H-convex space and E be its dual space. Assume that
(1) A, S, T : E → 2E are compact valued, continuous, multivalued mappings;
(2) g, F, G, P : E → E are continuous mappings;
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(3) φ : E × E → R ∪ {+∞} is a proper convex, lower semicontinuous mapping, and ∂φ is the
subdifferential of φ;
(4) for each v ∈ E , Bv = {u ∈ E : ∃x ∈ A(u), y ∈ S(u), z ∈ T (u) such that 〈P(x) − (Fy − Gz), v −
g(u)〉 − φ(g(u), u) + φ(v, u) < 0} is H-convex or empty;
(5) there exists a compact set L ⊂ E and an H-compact set K ⊂ E such that for each weakly H-convex
subset D of E with K ⊂ D ⊂ E,
{v ∈ D, x ∈ A(u), y ∈ S(u), z ∈ T (u) such that
〈P(x) − (Fy − Gz), v − g(u)〉 − φ(g(u), u) + φ(v, u) ≥ 0 ∀ u ∈ D} ⊂ L .
Then (GNVIP) is solvable.
Proof. Let
Q(u) = {v ∈ E : ∃x ∈ A(u), y ∈ S(u), z ∈ T (u) such that
〈P(x) − (Fy − Gz), v − g(u)〉 − φ(g(u), u) + φ(v, u) ≥ 0},
for u ∈ E .
First we prove that Q is an H-KKM mapping and the conditions (a) and (b) of Lemma 3.1 hold.
Suppose that Q is not an H-KKM mapping. Then there exists a finite subset K ⊂ E such that
ΓK ⊂⋃u∈K Q(u). Thus there exists w ∈ ΓK such that
w ∈ Q(u), for all u ∈ K ,
that is,
〈P(x) − (Fy − Gz),w − g(u)〉 − φ(g(u), u) + φ(v, u) < 0,
for all u ∈ K , x ∈ A(u), y ∈ S(u), z ∈ T (u).
By assumption (4), K ⊂ Bw and ΓK ⊂ Bw, since Bw is H-convex. Therefore w ∈ Bw, that is there
exist x ∈ A(w), y ∈ S(w), z ∈ T (w) such that
〈P(x) − (Fy − Gz),w − g(w)〉 − φ(g(w),w) + φ(w,w) < 0,
which is not possible. Thus ΓK ⊂ ∪u∈K Q(u), for every finite subset K of E , so Q is an H-KKM
mapping.
Next we prove that for every u ∈ E , Q(u) is closed. Indeed, let {vn} be a sequence in Q(u) such that
vn → v0 ∈ E . Since vn ∈ Q(u) for all n, there exist un ∈ A(v), yn ∈ S(v), zn ∈ T (v) such that
〈P(xn) − (Fyn − Gzn), vn − g(u)〉 − φ(g(u), u) + φ(vn, u) ≥ 0.
Since A(v), S(v) and T (v) are compact, without loss of generality, we can assume that there exist
x0 ∈ A(v), y0 ∈ S(v), z0 ∈ T (v) such that xn → x0, yn → y0 and zn → z0. Now since 〈·, ·〉, φ(·, ·) are
continuous and xn → x0, yn → y0, zn → z0, we have
〈P(xn) − (Fyn − Gzn), vn − g(u)〉 − φ(g(u), u) + φ(vn, u) →
〈P(x0) − (Fy0 − Gz0), v0 − g(u)〉 − φ(g(u), u) + φ(v0, u) ≥ 0.
Therefore v0 ∈ Q(u) and so Q(u) is closed for every u ∈ E , that is, condition (a) of Lemma 3.1 holds.
It is easy to see that assumption (5) of Theorem 3.1 is same as condition (b) of Lemma 3.1. Then by
Lemma 3.1,⋂
u∈E
Q(u) = ∅.
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Consequently, there exist u0 ∈ E , x0 ∈ A(u0), y0 ∈ S(u0), z0 ∈ T (u0) such that g(u0) ∈ E , and
〈P(x0) − (Fy0 − Gz0), v − g(u0)〉 + φ(v, u0) − φ(g(u0), u0) ≥ 0, ∀v ∈ E .
This completes the proof. 
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